
1/25

The basics of information theory
in a popular style

MING DING

Tsinghua KEG



Information 2/25

What is information?

Information can be thought of as the resolution of
Uncertainty.
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An intuitive idea is to quantify �uncertainty� �rst, and then informa-
tion can be represented by some kind of reduction of uncertainty.

The entropy of a random variable X with a probability mass func-
tion p(x) is de�ned by

H(X)=¡
X
x2jAj

p(x)log p(x);

where A is the set of possible values.

De�nition 1

Why? Becuase of the talent of Shannon. . .?
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A good entropy de�nition �jAj!R should satisfy

� Continous,

� Monotonic(单调的) with jAj,

� Additive. In the example below, H(p1; p2; :::; pjAj) is the entropy.

H(1
2
,1
3
,1
6
) should equals to H(1

2
, 1
2
) + 1

2
�H(2

3
, 1
3
).

H(X)=¡k
P

x2jAj p(x)log p(x) is the only solution.
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� Non-negative

� the maximum at uniform distribution, i.e. p(x)= 1

jAj ;8x.

Figure 1. H(X) when p(x) is a Bernoulli distribution.
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For r:v:X ;Y , to what extent knowledge about Y help us know more
about X?

If we know Y = y, the posterior distribution of X becomes p(X jY =
y), whose entropy is ¡

P
x p(xjY = y) log p(xjY = y). Take the

probability of di�erent ys into consideration, and we will get

(Conditional Entropy)

H(X jY )= ¡
X
y

p(y)
X
x

p(xjY = y) log p(xjY = y)

= ¡
X
x;y

p(x; y) log p(xjY = y) 6H(X)

De�nition 2
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(Gibbs inequality) Suppose that p and q are two probability distri-
bution. The following inequality holds:

¡
X
i=1

n

pi log pi6¡
X
i=1

n

pi log qi

Theorem 3

This can be directly deduced from Jensen inequality by observing
that log is concave.
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The reduction of entropy of X resulting from knowing Y , is naturally
de�ned as H(X)¡H(X jY ), which we call mutual information.

I(X;Y ) = H(X)¡H(X jY )
= ¡

X
x

p(x)log p(x)+
X
x;y

p(x; y) log p(xjy)

=
X
x;y

p(x; y) log
p(x; y)

p(x)p(y)
:

� Non-negative (Gibbs inequality). I(X; Y ) = 0 if X and Y are
independent. H(X jY )6H(X).

� Symmetric in X and Y .
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H(X;Y ) =
� ¡

X
x;y

p(x; y)log p(x; y)

= ¡
X
x;y

p(x; y)[log p(x)+ log p(y jx)]

= H(X)+H(Y jX)
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Next, we will discuss �transmitter� or �encoder� under the simplest
condition, where source is a time-independent random variable.
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Q: With source distribution P =
�

1

2k1
; :::;

1

2
kjAj

�
, how can we �nd the

best (binary) encoding rules without confusion?

An intuitive �solution�:

1. sort the probabilities in descending order.

2. Sym1! 0; Sym2! 1; Sym3! 00; Sym4! 01::: But when you
receive 00, is it a Sym3 or two Sym1? Confusion.

A su�cient solution(instantaneous code): The encoding of a symbol
cannot be a pre�x of the encoding of another symbol!
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best (binary) encoding rules without confusion?

An intuitive �solution�:

1. sort the probabilities in descending order.

2. Sym1! 0; Sym2! 1; Sym3! 00; Sym4! 01::: But when you
receive 00, is it a Sym3 or two Sym1? Confusion.

A su�cient solution(instantaneous code): The encoding of a symbol
cannot be a pre�x of the encoding of another symbol!

Fix: Hu�man Tree, to build the encoding tree from the bottom to
top. The Average length of each symbol is H(p).
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Who can prove the optimality of the bottom-up building algorithm?
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Q: With source distribution P =("; 1¡ "), how can we �nd a good
encoding rule?

An intuitive idea:

1. encode Sym1 with 0 and Sym2 with 1. It is the only way!

2. Really? Suppose "=0, and then we don't even need encoding...
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Q: With source distribution P =("; 1¡ "), how can we �nd a good
encoding rule?

An intuitive idea:

1. encode Sym1 with 0 and Sym2 with 1. It is the only way!

2. Really? Suppose "=0, and then we don't even need encoding...

In this case, "�0 and H(p)�0. We can use a special sequence, for
example, 0000, to represent a and follows a binary code to indicate
the nubmer of follwoing bs, skipping all the numbers containing
0000. This method approaches H(p).



Example 2 14/25

Start

0000

0000 10000 100000 11110000 100010000

Black arrow: receive a symbol 0
Red arrow: receive a symbol 1

Defect: we cannot realtimely decode until we encounter a symbol 0.

Alternative thought(the thought of Shannon's analysis):

Glance through N(a big number) input symbols at a time. The max
probability is p(11::::1)= (1¡ ")n< 1

2
. Then use Hu�man Tree.



Markov processes as sources 15/25

However, the real-world messages are not time-independent. For
instance, the next word of �eat� might be a kind of food, �dirt� or
�keyboard� but not likely �teacher�.

We can extend the sole-distribution source to (stationary) sto-
chastic process. More speci�cally, Markov process. At each

state, we have a unique transition strategy:
n
sa !y1

p(y1)
sb; sa !y2

p(y2)
sc:::

o
.

Suppose the time-average (stationary) distribution is �, and we
de�ne the entropy rate of this source is the weighted sum of
the entropies:

H(S)=
�

lim
n!1

1

n
H(Y1; :::; Yn) =

MarkovX
s

�(s)H(py(s))
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Encoder: a deterministic amtomata (a structure to describe state
transfer), representing a series of rules.

Encoders cannot increase entropy, because the strategies are
inductive projections (单射). The action for incoming x is unique(or
introducing another �random seed� information source).The output
of encoders can be seen as another information source.

Language is a kind of encoder, transforming the �world� into �words�.

How to estimate the entropy rate of a language? (non-Markov)

H(Lang) = lim
n!1

1

n
H(Y1; :::; Yn)

. 1

tm

X
t

H(Yt+1; :::; Yt+m) (m¡ gram)
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The expected length of any instantaneous code L>H(S), and
can appoarch the bound by arbitrary precision, if S is a stationary
stochastic process.

Theorem 4

� For random variable X� p(x), L=¡
P

p(x)log2 2¡len(x).

L¡H(X)=D

 
p

 2¡len(x)P
x 2
¡len(x)

!
¡ log2

�X
x

2¡len(x)
�
> 0

� H(S) = limn!1
1

n
H(Y1; Y2; :::). The best codes are based on

(Y1; Y2; :::):



KL-divergence 18/25

(KL-divergence or relative entropy) The KL-divergence between distribution p
and q are de�ned as:

KL(pjjq) =
X
x

p(x)log
p(x)

q(x)

= H(p; q)¡H(p)

where H(p; q)=¡
P

x
p(x)log q(x) is called cross entropy.

De�nition 5

� Non-negative(Gibbs inequation), asymmetric.

� KL-divergence can be interpreted as the expected extra message-length
per datum if a code that is optimal for a given (wrong) distribution q is used,
compared to using a code based on the true distribution p.
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The uniform encoding(len(x)� log 1

jAj) is not e�cient, but to what
extent?

What if we can change the shape of Chinese characters?

RelativeRedundancy(S;A) = (logjAj¡H(S))/logjAj
= KL(bestjjuniform)/ logjAj

means the redundant percent of length.

The relative redundancy of Chinese is about 59%!

吴军，王作英《汉语信息熵和语言模型的复杂度》1996



Information Theory in Machine Learning 20/25

Just show a few basic Examples:

Classi�cation task with Cross Entropy as loss function:

Training set: feature-label pairs (x; y)

We want to train a model to predict labels: ypred=argmaxyp�(y jx)

By minimizing the cross entropy between p�(y jx) and one-hot(y)

L =
X
x;y

log p�(y jx)= log
Y
x;y

p�(y jx)

Max-likelihood estimation!



Mutual Information for disentanglement 21/25

GAN is a generative model, transforming noise z to images. We
want the dimension z in z controls an expainable feature.

To maximize I(z;G(z))=H(G(z))¡H(G(z)jz) by optimizing G.

Link: InfoGAN



Information Theory and Gambling 22/25

Suppose we are gambers of horse races. Each horse has a winning
probability pi and reward times oi.

It seems that you should bet on the horse with the max oi pi, but
we will lose everything and cannot continue gambling. If you assign
a fraction bi of your wealth to the i-th horse.

Aftern times; yourwealth isSn=�i=1
n S(Xi)=�i=1

n b(Xi)o(Xi):

(double rate) W (b; p)=E[logS(X)]=
P

k=1
m pklogbkok.

De�nition 6

if races are i.i.d., Sn!
p
2nW (b;p).
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The optimal doubling rate is given by

W �(p)=
X

pi log oi¡H(p):

The best strategy is b�= p. (the proof is trivial)

Theorem 7

One can further prove �W �= I(X;Y ) if we have extra knowledge
from Y .

Similar theories have been used in �nance.



Transfer Entropy 24/25

In a social network, the Transfer Entropy from user X to Y is

TX!Y =H(YtjYt¡1
(t¡k))¡H(YtjYt¡1

(t¡k); Xt¡1
(t¡k));

where Xt= 0 or 1 is whether X did activities in the time window t. Xt1
(t2)is the

sequence fXt1; ::::; Xt2g.

paper: Information Transfer in Social Media
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Thank you for you listening!

Any Question?

Email: dm18@mails.tsinghua.edu.cn


